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ABSTRACT

A tformula derived by Noble has been generalized to obtain an expansion

two Jacobi polvnomials,

of the Kronecker delta function as an infinite series involving the products of
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INTRODUCTION

In our investigations of the inviscid, incompressible flow of rotating fluid

shells confined between concentric, spherical, rigid, co-rotating boundaries,

we encountered the need for a proof of a Kronecker delta function representa-
tion in terms ot a series of products of two Jacobi polynomials. In particular,
we required a proof that

(ot - A
b = e DAY ()

where

> (k+u/k+//2+lu)

l:h'/.u - /(\) = E ———— e

“(k+y+/+ )(A+,;+’~)

x Pl Ay P Ay, 0 = 1A=L (2)

For («,3)> -1, the P,"“*'(A) are the Jacobi polynomials which are orthogo-
nal over the mterva} (~1 + 1) with the integration we\§ht factor w(x) =
(1 - x)*(1 + x)”. They are normalized by the relation P,'>?(1) = T(a+n+1)/
L+ D+ 1)), with I‘(z) the gamma (factorial) function. For (o,8) = ~ I,

the Jacobi polynomials' P, (A) are defined in terms of the polynomlals for
(,8) > -1 through repeated applications of the contiguous relations '~

Rnra+rd P A) = (nra+B) PV (A) - (48 PYY (A (Ba)
and

Rr+a+3) P VA = (ma+B) P+ (n+ )P (A) (3b)
with P (Y = L and P (A) = 0.

Certain sums involving products of two Jacobi polynomials have been previ-
ously evaluated (see, for example, Refs. 3 — 6). Our method for evaluating the
sum in Eq. 2 employs mathematical procedures analogous to those which
Noble® used to show that®

'w, Magnus, . Oberhettinger, and R, P. Soni, Formulas and Theorems for the Special Func-
Jtons of Mathematical Physics, Springer-Verlag, New York (1966).

“I. S. Gradshtevn and |. M. Ryzhik, Tables of Integrals, Series, and Products, Alan Jeffrey,
ed , Academic Press, New York (1965).

H. 1. Manocha and B. 1.. Sharma. *Some Formulae for Jacobi Polynomials,’” in Proc. Camb.
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oL \1anmha and B. 1. Sharma. “*Generating Functions of Jacobi Polynomials,” in Proc.
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B. Noble, “*Some Dual Series Equations Involving Jacobi Polynomials,”” in Proc. Camb. Phil.
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2' 0=y Y0 +x) Y=t tA ()

. Kk'T(k+c+1)(2k+c+1)

— I‘(a+b_(‘) P‘(('fh.hl(x)Pla.(' u)( ). (4 .
E, T(k+a+ DI (k+b+1) ! ». @ .
where
‘lif—l = y<x=l
Alx,v) = (5)
loif -1 =sv=vet.
3 PROOF
{J
The proof is done in two stages: first the { = 0 case is treated, and then
the / # 0 case is analyzed. Both stages use the expansion of a function of two
{ variables in an infinite series of Jacobi polynomials of one variable and coeffi-
cients that depend on the other variable. In particular, the coefficients in the
expansion are obtained by respresenting the Jacobi polynomial as a finite se-
- ries, evaluating the resulting elementary integrals, and re-summing the resul-
! tant series.
':'A: In proving Eq. 1, it is convenient to use the relationship

F P ) = (QM) (I+x) P2(x)  forn = 1 6
-_ " T 2n o ©

in order to write Eq. 2 as

E. F . , = ] P{u~l+‘z.“|) (A)
uols Qu+1) !

[

g (I+A)* S QkAp+l+)
E BT RRRLa Sy Py, )
k=1

where the first term is the A =0 term of the sum appearing in Eq. 2.
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n D CASE OF I = 0

For /=0, we expand

V_.:
: 2p+5/2 w e
oo H"(xy) = ———— S (1—1) w33y
W= man 3
ma -, .
4 - E Ck( )(y) Pk(u* :, )(x), (83)
. k=0
).
: where
Fl w=1X if y > x
yify = x. (8b)

Multiplying Eq. 8a by (1 +x)(1 - x)** ' P,** =" (x) and integrating from x
= —11to1 yields

(m+l)2y+5/2C"(,0)(y) N 2,.+5/2
(M+p+3/2)2m+u+5/2)  (1+y)

X

[ X 5 dx(l~x)“"‘P,,‘,“*"-”(x)S di(1—g) "Wy
! ]

ol ¥

+ 5 dy(l—x)y** o Pt Dy 5 (1=¢) ¥4y
|

)

1
= (1+w) I(;t+'/:)‘I —4 S dx(1—x)**'s p it 2 (x)
-1

+2‘“5/ZS dxP,\** "V (x)
-1

1

dx(1=x)**" plr sy | . )

L

+ Zu‘( 2(‘_),)7(u+‘:)g

The integrals are readily evaluated by expanding the Jacobi polynomial as'

m

Py (xy = ¥ y(maBir) (1-x), (10a)

r=0

Je e e, s
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with

y(im,a,8;r) = MNa+m+ DM (a+B+m+r+1)(—12)"/

[rt(m—r)IT(a+r+1) Ta+B3+m+1)]; (10b)

integrating each term; and re-summing the series. In particular,

(m+1)28+372

u co 4 (s 1) !
' (m+u+3/2)m+u+5/2) " ) = (1+y) " (u+'2)
m __2”»,‘”7/2 w+ 572 l l
x mup+ el - l—y) o+
@ rgbv( # ’ ) (’+I‘+3/2) (f+l)[( y) ]
+2n~527(_,_1),+“1 = (1+y)“(#+\/2)—|§:7(m#+‘/2l.r)
(r+u+3/2) & , .1,

r+1 (”’+l/2)

x 2r+u+7/2_2u+5/2 1~
(1-y) (r+1)(r+p+3/2)

— _2u+7/2(l+y)—l(m+"+3/2) -2 P’("p:]":.—l)(_l) — P(p-v'/z,—l)(y)

m+|

u+5/2
= 2 (p+¥2,1)

p ) 11
(m+1)(m+u+3/2) ™ o) (1

where the fact that

yim+lpu+Va, - lir+1)=

—(m+pu+3/2%y(mp+ 4,10/ [2(r+ p + 3/2)(r + 1)]

is used to arrive at the next to the last line, and Eq. 6 is used in the final step. ;
Inserting this result in Eq. 8a yields
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u+572 —(u*“:)_z—(;ﬂ-"l‘)

1 -
H(O)(.x’y) - ( w)

(1+y)(1+x) (p+'%)

= E g‘%:%@ Pk(u*":.l)(y) P‘_(u*":.l)(x) (]28)
k=0
or
[ ( 2 )_ L, 44y
2u+1) \1=w/ — (@Qu+D) 8
> (2 v, ,
E w PHY PRV (), (12b)

with w defined by Eq. 8b. Since Py (A) = 1, comparing Eq. 7 with / =
0 to Eq. 12b with x=y=A yields

_ 1 ( 2 )M*'r’x
T (u+1) \1-A ’

which demonstrates that Eq. 1 holds for / =

(13)

“,p

CASE Il % 0
For / # 0, we consider

Oforlzy=x=2 -1,

al—l

M(p+5/2
(p ) — [(1=y) %3 (x_ )1

P(p=1+5/2)0'(1+x) 9y

H(l) (X,y) =

forlzx>y= —-1. (14)

Application of Leibnitz’s rule for differentiating a product yields

1+1

Uxy) ,

-1

vs,

=0

(x=p) "

“+ ) (15)

H"(x,y) =

AR ArA G s 4 ol Sal SAR SAR ol ey
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(m+3/2)T(u+t+3/2)T (D (= 1)1 (1= y) ~w+¥2+0

with §, = ,
T(p—I1+5/2T+2) T+ )T (I-1)
5
>. and U(x,y) = 1ifl > x>y = —1, and U(x,y) = 0 otherwise. The func-
i tion H'” (x,y) is expanded in terms of Jacobi polynomials
] H(xy) = ¥ G2 PU* " (x) (16)
F k=0
t with the coefficients determined from
{
S

(m+ 1 )2;4—/+5/2

: im0y = Ca" ()
9 (m+pu—1+3/2)Cm+u—1+5/2)
e .

t S H (6y) (1=x)*"*" (14 x)P# 14D (x) dx

-1 m
Y. S Yvim, p—1+,0r) S dx(1—x)*~"* 7+ (x—p)"*' . (17)
=0 r=0 y

The integral is evaluated by changing the variable from xto z = (x—y)/(1-y),

which leads to r
Iml) = Y, y(mu—1+ 3,50 (1= p)* 547420 (u 14 14 372) "]ﬁ
r=0 =

‘S| Tu+2)s,(1-y)'

9 +2)5.a=-» | (18) s

| T(u—l+r+t+1/2)

S b

Substituting for S,, the inner summation appearing in Eq. 18 reduces to

(rl) = (n+372)(-1)'"! ’i:' T(u+3/2+1)
T T (u=I+572) & )Tla+3/2+1—(-2-n)]
«
—1) o
u-n: (-n'. (19) -~

t{-1-1)!

For / = r+2, we note that
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(r,)) (+3/2)(=n™ 4 (1 -2 =0forr = 0.
a(r,]) = e
T(p—I+5/2) az'7* e (20)
.
The derivative is zero at z = 1 because (/-2—r) < I—1. The fact that the
[ derivative reproduces the series in Eq. 19 can be readily verified by writing
L the factor (1-2)' 'asa polynomial in z, differentiating each term, and then
3 setting z=1. For / < r+2, we note that
k (=" "(u+372) §' r S‘f" y ,_1[
o(r,l) = ds,\ ds,...\ ds;s;**" (1=5,)
: ) F(p~1+5/2) o o 7 o 7 ( / =r+2-1

(=) 'T(u+5/2)T(r+1)

= . 21
F(u—{+5/2)T(r+42-DT(u+5/2+7r) @b

The multiple integral in Eq. 21 is readily evaluated by recalling that integra-
tion by parts leads to

! 5| 5i-1 ! (1-s, )j-l
S ds]g dsZ ees S ds_,f(sj) = S .—f(sl )dsl. (22)
0 0 0 o U—1)!

The fact that the multiple integral reproduces the series in Eq. 19 can be
readily verified by writing (1 - )y ~'asa polynomial in s; and integrating
each term separately. Inserting Eqs. 20 and 21 into Eq. 18 yields

(=DM (u+572) ~
, “,+'/,l,' 1- r—I+1
T GasI+5/3) ,§.7(m“ 2, 1,r) (1Y)

Itm,) = o LDlu=t+r+3/2)n

fi =2/-1
T(a+s2+n(r+inp 7

0 otherwise. (23)

For m = /-1, using the definition of y(m,u~/+ '4,1;r) and introducing
the indices r' =r—(/—1) and m’ =m— (/- 1) leads to

..........
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T(u+5/2) ()"

I(m,) =
(m.0) (m' +p+ %) T(u+5/2-10)

y f: =172 T(m’ +p+i+ s +r’)
Sy (m = ID(p+143/2417)
'-/. T(u+5/2) ()"

= pleti+n-1 ) 24
i (m+p+3/2)(m+p—~1+3/2)T(n—1+5/2) Pz 70 24

where the definition of y(m—1I+1, p+I/+ '3, —1,r) was employed to obtain
the last line. Inserting Eqs. 23 and 24 into Eqgs. 17 and 16 yields

‘ 27WHIDL (L 45/2) & m+p—1+5/2)
- H"(x,y) =
P(u+5/2-1) mei—) (m+1)(m+p+3/2) g
S :'
X PRty o) Pt (25)

Changing the summation indextom’ = m— (/—1), writing the m’ =0 term
separately, and using Eq. 6 in both the m’ =0 and the m’ #0 terms lead to

2_(“_1/1)1, +5/2 P(u—l+'/z,—l) x ]+ 14
HY (x.y) = (k+5/2) [ ! ) + T+ d+7)

(1+x)T(p+5/2-1) (2u+1) 8

S @mtlpt )

)y

ey om'(m’+1)

PRt () PRt (x)] . (26)

Setting x=y=A in Eq. 26 and comparing with Eq. 7, one finds

27 W= (4 5/2)

H”)(A,A) -
(1+M) T (p+5/2-1)

FI‘*‘I-“"[ = 0’ [¢0 » (27)

'n "

where the vanishing of H'" (A,A) follows directly from the form of Eq. 15.
This completes the proof of Eq. 1.

i
TR A AR



LAt N o o e s eam sres aus ad ore forffj

THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY
LAUREL, MARYLAND

)!

REFERENCES

s -,'r?Wr e
-

'W. Magnus, F. Oberhettinger, and R. P. Soni, Formulas and Theorems for
the Special Functions of Mathematical Physics, Springer-Verlag, New York

(1966).
' ’1. S. Gradshteyn and 1. M. Ryzhik, Tables of Integrals, Series, and Products,
! Alan Jeffrey, ed., Academic Press, New York (1965).
= *H. L. Manocha and B. L. Sharma, **Some Formulae for Jacobi Polynomi-
! als,” in Proc. Camb. Phil. Soc., pp. 459-462 (1966).

‘H. L. Manocha and B. L. Sharma, **Generating Functions of Jacobi Poly-
nomials,”” in Proc. Camb. Phil. Soc., pp. 431-433 (1966).

*B. Noble, *‘Some Dual Series Equations Involving Jacobi Polynomials,"'in
Proc. Camb. Phil. Soc., pp. 363-371 (1963).

®E. R. Hansen, A Table of Series and Products, Prentice-Hall, New York
(1975).




THE JOHNS HOPKINS UNIVERSITY
t APPLIED PHYSICS LABORATORY

LALREL MARTLAND

INITIAL DISTRIBUTION EXTERNAL TO THE APPLIED PHYSICS LABORATORY"

The work repotted n TG YO was done unde! Navy Contract N2 XS C 201 Thiswork s related to Task Xs3E b hos sapported By Naval Sea Ssetemis
Command

ORGANIZATION ‘ LOCATION ATTENTION No. of

DEPARTMENT OF DEFENSE

DI Alevandna, VA : i2
. i
DEPARTMENT OF THE NAVY }
NAVSEASYSCOM ! Washington, )¢ | SEA 99k N
P NAVATRSYSCON . W avhimgrton, I AR 7226 N
NAVPRO | aurel. MD |
ONR Arhington, VA Code 412 1
L |
L CONTRACTOR ' |
}
4
Lackheed Pado Ao Resear ot 1 ab L Palo Ao, CA © bR Hansen i
! UNIVERSITIES . .
4 | ‘
|
Cathiohic L o Nmeng, bDept ' ‘
| S Phsics Woashungton, DO I P Manger i |
Kovoar Codicge ot Saience and | ‘
Teohmsdony . Dept ot Nathematios Glaspow . Scotland 1 B Noble 1
Pro dohns Hophos B Deproot : ! i
Farth and Planetans Saence Baltmore, MD O. M Phillips ' t
P I Olon ! i

R R long ' 1

— e G . P

Requests for copies of this report from DoD activities and contractors should be directed to DTIC,
Cameron Station, Alexandria. Virginia 22314 using DTIC Form 1 and. it necessary. DTIC Form 55.

“Inutial distribution of this document within the Applied Physics Laboratory has been made in accordance with a list on file in the APL Technica! Publications Group

11

LA UL AP RN - - PRSI VR 2P, WL R . | RN R Y A WP PP PR a PPN Y WA VR







